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The purpose of this paper is to prove several results in approximation by complex Pi-
card, Poisson-Cauchy, and Gauss-Weierstrass singular integrals with Jackson-type rate,
having the quality of preservation of some properties in geometric function theory, like
the preservation of coeﬃcients’ bounds, positive real part, bounded turn, starlikeness,
and convexity. Also, some suﬃcient conditions for starlikeness and univalence of analytic
functions are preserved.
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1. Introduction
Let us consider the open unit disk D = {z ∈ C; |z| < 1} and A(D)= { f :D→ C; f is an-
alytic on D, continuous on D, f (0) = 0, f ′(0) = 1}. Therefore, if f ∈ A(D), we have
f (z)= z+∑∞k=2 akzk, for all z ∈D.
For f ∈ A(D) and ξ ∈R, ξ > 0, let us consider the complex singular integrals
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2 Geometric and approximation properties
Here Pξ( f ) is said to be of Picard type,Qξ( f ),Q∗ξ ( f ), and Rξ( f ) are said to be of Poisson-
Cauchy type, andWξ( f ) andW∗ξ ( f ) are said to be of Gauss-Weierstrass type.
In the very recent papers [3–5], classes of convolution complex polynomials were in-
troduced and their approximation properties regarding rates, global smoothness preser-
vation properties, and some geometric properties like the preservation of coeﬃcients’
bounds, positivity of real part, bounded turn, starlikeness, convexity, and univalence were
proved.
The aim of this paper is to obtain similar properties for the above-defined complex
singular integrals.
2. Complex Picard integrals
In this section, we study the properties of Pξ( f )(z).
Firstly, we present the approximation properties.
Theorem 2.1. Let f ∈A(D) and ξ ∈R, ξ > 0. Then
(i) Pξ( f )(z) is continuous on D, analytic on D, and Pξ( f )(0)= 0;
(ii) ω1(Pξ( f ); δ)D ≤ ω1( f ; δ)D, for all δ ≥ 0, where ω1( f ; δ)D = sup{| f (z1)− f (z2)|;
z1,z2 ∈D, |z1− z2| ≤ δ};
(iii) |Pξ( f )(z)− f (z)| ≤ Cω2( f ; ξ)∂D, for all z ∈D, ξ > 0, where





)− 2 f (eiu)+ f (ei(x−u))∣∣; x ∈R, |u| ≤ ξ}. (2.1)




























































Passing to limit with n→∞, it follows that Pξ( f )(z) is continuous at z0 ∈ D, since f is
continuous on D. It remains to prove that Pξ( f )(z) is analytic on D. For f ∈ A(D), we
can write f (z) =∑∞k=0 akzk, z ∈ D. For fixed z ∈ D, we get f (zeiu) =
∑∞
k=0 akeikuzk and
since |akeiku| = |ak|, for all u ∈ R, and the series
∑∞
k=0 akzk is absolutely convergent, it
follows that the series
∑∞
k=0 akeikuzk is uniformly convergent with respect to u∈ R. This
immediately implies that the series can be integrated term by term, that is,










Also, since a0 = 0, we get Pξ( f )(0)= 0.
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D ≤ ω1( f ; δ)D.
(2.4)
Passing to sup with |z1− z2| < δ, the desired inequality follows.
(iii) We have






























)− 2 f (z) + f (ze−iu)∣∣e−u/ξdu, (2.6)
for all z ∈D.






)− 2 f (z) + f (ze−iu)∣∣≤ ω2( f ; u)∂D, (2.7)
which implies that for all z ∈D we have
∣

































ω2( f ; ξ)∂D ≤ Cω2( f ; ξ)∂D
(2.8)
(for the last inequalities, see, e.g., [2, proof of Theorem 2.1(i), page 252]). 
Remark 2.2. Theorem 2.1(ii) and (iii) remain valid for f only continuous on D.
In what follows, we present some geometric properties of Pξ( f )(z).
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for all z ∈ D, that is, if f (0) = 0, then Pξ( f )(0) = 0 and if f ′(0) = 1, then P′ξ( f )(0) =




















∣, ∀k = 0,1, . . . . (2.10)












































which proves the theorem. 
Now, recall that a function f ∈ A(D) is starlike if it is univalent and f (D) is a starlike
plane domain with respect to 0, and is convex if it is univalent on D and f (D) is a convex
plane domain.
Also, let us introduce the following classes of analytic functions:
S1 =
{

































f ∈A(D); ∣∣ f ′′(z)∣∣≤ 1, ∀z ∈D},
= { f :D −→ C; f is analytic on D, f (0)= 1, Re[ f (z)] > 0, ∀z ∈D},
= { f ∈A(D); Re[ f ′(z)] > 0, ∀z ∈D},
SM =
{
f ∈ A(D); ∣∣ f ′(z)∣∣ <M, ∀z ∈D}, M > 1.
(2.13)
According to, for example, [6, Exercise 4.9.1, page 97], if f ∈ S1, then |z f ′′(z)/ f (z)− 1
∣
∣ <
1, for all z ∈D, and therefore f is starlike (and univalent) on D.
According to [1, page 22 ], if f ∈ S2, then f is starlike (and univalent) on D.
By [7], if f ∈ S3, then f is starlike (and univalent) on D. Also, it is well known that 
is the class of functions with bounded turn (i.e., |arg f ′(z)| < π/2, for all z ∈D) and that
f ∈ implies the univalency of f on D.
According to, for example, [6, Exercise 5.4.1, page 111], f ∈ SM implies that f is uni-
valent in {z ∈ C; |z| < 1/M}.
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We present the following.




)⊂ S2, Pξ()⊂. (2.14)





































and since Pξ( f )(z)=
∑∞
k=0(ak/(1+ ξ2k2))zk, it follows that Pξ( f )∈ S2.
Let f (z)=∑∞k=0 akzk ∈, that is, a0=1 and if f (z)=U(x, y) + iV(x, y), z=x+ iy∈D,
then U(x, y) > 0, for all z = x+ iy ∈D.
We get Pξ( f )(0)= a0 = 1 and





r cos(u+ t),r sin(u+ t)
)
e−|u|/ξdu






r cos(u+ t),r sin(u+ t)
)












r cos(u+ t),r sin(u+ t)
)
e−|u|/ξdu > 0, (2.17)
that is, Pξ( f )∈. 




























Pξ( f )(z)= z+
∞∑
k=2






















that is, (1+ ξ2)Pξ( f )∈ S1.
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Also, Pξ( f )(0)= 0 and (1+ ξ2)P′ξ( f )(0)= 1, which implies that (1+ ξ2)Pξ( f )∈ SM(1+ξ2).




































that is, (1+ ξ2)Pξ( f )∈ S3. 
Remarks 2.6. (1) Since the constant (1+ ξ2) does not influence the geometric properties
of Pξ( f ), it follows that for all ξ > 0 we have the following:
(i) if f ∈ S1, then Pξ( f ) is starlike (and univalent) in D;
(ii) if f ∈ SM , then Pξ( f ) is univalent in {z ∈ C; |z| < 1/M(1+ ξ2)};












it is obvious that the condition Re[ f ′(z)] > 0, for all z ∈D, does not imply Re[P′ξ( f )(z)] >
0 on D.
In this case, we may follow the idea in, for example, [5, Theorem 3.4] to construct











Then, it is an easy task to show that (1 + ξ2)Sξ() ⊂, for all ξ > 0, and the following
estimate holds:
∣
∣Sξ( f )(z)− f (z)
∣
∣≤ Cω2( f ′; ξ)∂D, ∀z ∈D, ξ > 0. (2.26)
Since inf{1/(1+ ξ2); ξ ∈ [0,1]} = 1/2, by Theorem 2.5, the following is immediate.
Corollary 2.7. Pξ(S3,1/2)⊂ S3 and f ∈ SM implies that Pξ( f ) is univalent in {z ∈ C; |z| <
1/2M}, for all ξ ∈ [0,1].
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Remark 2.8. Of course, if we consider, for example, ξ ∈ [0,1/2], then inf{1/(1+ ξ2); x ∈
[0,1/2]} = 4/5 and by Theorem 2.5 we get Pξ(S3,4/5)⊂ S3 and f ∈ SM implies that Pξ( f )
is univalent in {z ∈ C; |z| < 4/5M}, for all ξ ∈ [0,1/2].
Obviously S3,1/2 ⊂ S3,5/4 and {z ∈ C; |z| < 1/2M} ⊂ {z ∈ C; |z| < 4/5M}.
3. Complex Poisson-Cauchy integrals
In this section, we study the properties of Qξ( f ), Q∗ξ ( f ), and Rξ( f ).
Firstly, we present the approximation properties.
Theorem 3.1. (i) If f (z) = ∑∞k=0 akzk is analytic in D, then for all ξ > 0, Qξ( f )(z),






































Also, if f is continuous on D, then Qξ( f ), Q∗ξ ( f ), and Rξ( f ) are also continuous on D.
Here b1(ξ) > 0, for all ξ > 0, b∗1 (ξ)= e−ξ , c1(ξ)= (1+ ξ)e−ξ , for all ξ > 0.
(ii)
∣
∣Qξ( f )(z)− f (z)
∣
∣≤ Cω2( f ; ξ)∂D
ξ
, ∀x ∈D, ξ ∈ (0,1],
∣
∣Q∗ξ ( f )(z)− f (z)
∣
∣≤ Cω2( f ; ξ)∂D
ξ
, ∀z ∈D, ξ ∈ (0,1],
∣
∣Rξ( f )(z)− f (z)
∣





Q∗ξ ( f ); δ
)
D ≤ ω1( f ; δ)D, ∀ξ ∈ (0,1], δ > 0,
ω1
(
Qξ( f ); δ
)
D ≤ ω1( f ; δ)D, ∀ξ ∈ (0,1], ∀δ > 0,
ω1
(
Rξ( f ); δ
)
D ≤ ω1( f ; δ)D, ∀ξ ∈ (0,1], δ > 0.
(3.3)
Proof. (i) Let f (z)=∑∞k=0 akzk, z ∈D.












































































































The continuity of f on D implies the continuity of Qξ( f ), Q∗ξ ( f ), and Rξ( f ) as in the
proof of Theorem 2.1(i) for Pξ( f ).
It remains to show that b1(ξ) > 0 and b∗1 (ξ) = e−ξ , c1(ξ) = (1 + ξ)e−ξ , for all ξ > 0.
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which implies I1 + I2 ≥ 0. Therefore, it follows that b1(ξ) > (2ξ/π)[I1 + I2] ≥ 0, for all





















Applying now the classical residue theorem to f (z)= eiz/(z2 + 1), it is immediate that
∫∞
0 (cos(uξ)/(u
2 + 1))du= (π/2)e−ξ , which implies b∗1 (ξ)= (2/π) · (π/2)e−ξ = e−ξ , for all
ξ > 0. For c1(ξ)=(4ξ3/π) ·
∫∞
0 (cosu/(u
2 + ξ2)2)du, applying the residue theorem to f (z)=









(1+ ξ)e−ξ , (3.12)
that is, c1(ξ)= (1+ ξ)e−ξ , for all ξ > 0.
(ii) We can write






)− 2 f (z) + f (ze−iu)
u2 + ξ2



















(for the last estimate |E(ξ)| ≤ (2/π2)ξ, see, e.g., [2, page 257]).
Passing to modulus, it follows that
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ω2( f ; u)∂D
u2 + ξ2


















Reasoning as in the proof of Theorem 3.1 [2, pages 257-258], we arrive at the desired
estimate.
For Q∗ξ ( f )(z), we have









)− 2 f (z) + f (ze−iu)]
u2 + ξ2
du, (3.16)
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which implies
∣

























f ; (u/ξ) · ξ)∂D
u2 + ξ2
du















For Rξ( f )(z), we obtain
∣

















































































































which proves the estimate for Rξ( f )(z) too.
(iii) Let z1,z2 ∈D be with |z1− z2| ≤ δ. We get
∣
∣Q∗ξ ( f )
(
z1
































≤ ω1( f ; δ)D,
(3.20)
where from passing to supremum after z1, z2 it follows that ω1(Q∗ξ ( f ); δ)D ≤ ω1( f ; δ)D.













































= ω1( f ; δ)D.
(3.21)
The reasonings for Rξ( f ) are similar, which proves the theorem. 
In what follows, we present some geometric properties of complex Poisson-Cauchy
integrals.
Theorem 3.2. (i) If f (z)=∑∞k=0 akzk, z ∈D, and Tξ( f )(z)=
∑∞
k=0Akzk is any fromQξ( f ),






∣, ∀k = 0,1, . . . . (3.22)
(ii) If f (z)=∑∞k=1 akzk, z ∈D, is univalent in D and f (D) is convex, then for any ξ > 0,
Qξ( f )(z) is close-to-convex on D.

































where S3,a = { f ∈ S3; | f ′′(z)| ≤ |a|} and SB = { f ∈ A(D); | f ′(z)| < B, z ∈D}.


































































which immediately implies (i).
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(ii) First, it is immediate that we can write









Since h(u)= 1/(u2 + ξ2) satisfies h(π)= h(−π), we may extend it by 2π-periodicity on
the whole R, such that this extension is continuous on R.
By h′(u) = −2u/(u2 + ξ2)2, it follows that h is nondecreasing on [−π,0] and nonin-
creasing on [0,π]. Then, by [11, Theorem 3, page 799], it follows that Qξ( f )(z) is close-
to-convex on D.
(iii) Let f ∈, f = U + iV , U > 0. Then, by definitions, it easily follows that Qξ( f ),
Q∗ξ ( f ), Rξ( f ) ∈ . We take here into account that, by Theorem 3.1(i), the condition
a0 = f (0)= 1 implies


















Now, let f (z)=∑∞k=0 akzk, with a0 = 0, a1 = 1. First, by Theorem 3.1(i), we get
1
b1(ξ)
Qξ( f )(0)= 0, 1b1(ξ)Q
′
ξ( f )(0)= 1,
1
b∗1 (ξ)
Q∗ξ ( f )(0)= 0,
1
b∗1 (ξ)




Rξ( f )(0)= 0, 1c1(ξ) ·R
′
ξ( f )(0)= 1.
(3.27)
Then,




















































































that is, (1/b1(ξ)) ·Qξ( f )∈ S3.
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that is, (1/b∗1 (ξ))Q
∗
ξ ( f )∈ S3. The proof in the case of (1/c1(ξ)) ·Rξ( f ) is similar.












































The proofs in the cases of (1/b∗1 (ξ)) ·Q∗ξ ( f ) and (1/c1(ξ)) ·Rξ( f ) are similar, which
proves the theorem. 
Remarks 3.3. (1) Theorem 3.2(iii) says that if f ∈ S3,b1(ξ), then Qξ( f ) is starlike and uni-
valent on D and if f ∈ SM/|b1(ξ)|, then Qξ( f ) is univalent in the disk
{













Similar properties hold for Q∗ξ ( f ), b
∗
1 (ξ), and Rξ( f ), c1(ξ).
(2) Let us denote B = inf{|b1(ξ)|; ξ ∈ (0,1]}. If B > 0, then, by Theorem 3.2(iii), the
following properties hold: f ∈ S3,B implies Qξ( f )∈ S3, for all ξ ∈ (0,1], f ∈ SM (M > 1)
implies that Qξ( f ) is univalent in {|z| < B/M}, for all ξ ∈ (0,1]. Therefore it remains to
calculate B, to check if B > 0, problems which are left to the reader as open questions.
Now, since inf{|b∗1 (ξ)|; ξ ∈ (0,1]} = inf{e−ξ ; ξ ∈ (0,1]} = 1/e and inf{|c1(ξ)|; ξ ∈
(0,1]} = inf{(1+ ξ)e−ξ ; ξ ∈ (0,1]} = 2/e (since h(ξ)= (1+ ξ)e−ξ is decreasing on [0,1]),
from Theorems 3.1(i) and 3.2(iii), we immediately get the following.
Corollary 3.4. (i) If f ∈ S3,1/e, thenQ∗ξ ( f )∈ S3, for all ξ ∈ (0,1], and if f ∈ SM (M > 1),
then Q∗ξ ( f ) is univalent in {z ∈ C; |z| < 1/eM}, for all ξ ∈ (0,1].
(ii) If f ∈ S3,2/e, then Rξ( f )∈ S3, for all ξ ∈ (0,1], and if f ∈ SM , then Rξ( f ) is univalent
in {|z| < 2/eM}, for all ξ ∈ (0,1].
4. Complex Gauss-Weierstrass integrals
In this section, we study the complex integralsWξ( f )(z) andW∗ξ ( f )(z).
Concerning the approximation properties, we present the following.
Theorem 4.1. (i) If f (z) =∑∞k=0 akzk is analytic in D, then for all ξ > 0, Wξ( f )(z) and































Also, if f is continuous on D, then Wξ( f ) and W∗ξ ( f ) are continuous on D. Here d1(ξ) > 0
and d∗1 (ξ)= e−ξ/4 · 1/π, for all ξ > 0.
(ii)
∣
∣Wξ( f )(z)− f (z)
∣
∣≤ Cω2( f ; ξ)∂D
ξ
, z ∈D, ξ ∈ (0,1],
∣














W∗ξ ( f ); δ
)
D ≤ ω1( f ; δ)D, ∀δ > 0, ξ > 0,
ω1
(
Wξ( f ); δ
)
D ≤ ω1( f ; δ)D, ∀δ > 0, ξ > 0.
(4.5)
Proof. (i) Reasoning as for the Pξ( f ) operator, we can write







































The reasonings in the case ofWξ( f )(z) are similar. The proof of continuity onD ofWξ( f )
andW∗ξ ( f ) is similar to that for Pξ( f ) in the proof of Theorem 2.1(i).
It remains to prove that d1(ξ) > 0, for all ξ > 0, and that d∗1 (ξ) = (1/π)e−ξ/4, for all
ξ > 0.
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where η =
√































































(sinu− cosu)du= (√2− 1)e−(π/(4η))2 .
(4.11)
Therefore,
d1(η) > I1 + I2 ≥ (
√
2− 1)e−(π/(4η))2 − (√2− 1)e−(π/(4η))2 = 0, (4.12)
for any η > 0.




ξ) · ∫ +∞−∞ cosue−(u/
√















































for all ξ > 0.
(ii) We can write























































































































By the maximum modulus principle, we can take |z| = 1 which implies
∣















reasoning as in [2, page 258]
)















































































































−u2/ξdu= ξ ∫∞0 e−vdv = ξ, which implies
∣




























(iii) For |z1− z2| < δ, we get
∣
∣W∗ξ ( f )
(
z1






































































2/ξdu= ω1( f ; δ)D,
(4.19)
which proves the theorem. 
Concerning the geometric properties of complex Gauss-Weierstrass singular integrals,
we present the following.
Theorem 4.2. (i) If f (z) = ∑∞k=0 akzk, z ∈ D, and Tξ( f )(z) =
∑∞
k=0Akzk is any from






∣, ∀k = 0,1, . . . . (4.20)
(ii) If f (z)=∑∞k=1 akzk, z ∈D, is univalent in D and f (D) is convex, then for any ξ > 0,
Wξ( f )(z) is univalent in D and Wξ( f )(D) is convex.
Similarly, if f (z) is univalent in D and f (D) is starlike with respect to the origin, then for
any ξ > 0, Wξ( f )(z) is univalent in D and Wξ( f )(D) is starlike with respect to the origin.
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∣, ∀k = 0,1,2, . . . .
(4.22)












∣, ∀k = 0,1,2, . . . . (4.23)
Also, note that |d0(ξ)| = d0(ξ)≤ 1 and |d∗0 (ξ)| = d0(ξ)= 1.
(ii) Let g(u) = e−u2/ξ , u ∈ [−π,π]. Since g(−π) = g(π), we can extend g(u) by 2π-
periodicity on the whole R, such that the extension, denoted by h(u), is continuous on
R.
It is easy to check that log|h′(u)| is concave in each interval [kπ, (k + 1)π], h′(u) = 0
if and only if u= 2kπ, k ∈ Z, and in uk = kπ, k ∈ Z, h takes its minimum and maximum
values.
Then, applying [9, Theorem, page 130], we get that h is PMP as in [9], which implies
thatWξ( f ) preserves the convexity of f .
Also, by similar reasoning with those in [8, Lemma 5 and Corollary 5, page 321], it
follows thatWξ( f )(z) preserves the starlikeness of f (z) (with respect to origin) too.
(iii) The proofs are similar to the proofs in Theorem 3.2(iii), which proves Theorem
4.2 too. 
Remarks 4.3. (1) From the results presented above, it follows that Wξ( f )(z) has the best
preservation property among the classes of complex singular integrals studied by the
present paper.
(2) Let us denote D = inf{|d1(ξ)|; ξ ∈ (0,1]}. If D > 0, then, by Theorem 4.2(iii), we
get the following:
(i) if f ∈ S3,D thenWξ( f )∈ S3, for all ξ ∈ (0,1],
(ii) if f ∈ SM , (M > 1), then Wξ( f ) is univalent in {z ∈ C; |z| < D/M}, for all ξ ∈
(0,1].
Therefore it remains to calculateD, to check ifD > 0, problems which are left to the reader
as an open question.
Since inf{|d∗1 (ξ)|; ξ ∈ (0,1]} = 1/(πe1/4), applying now Theorems 4.1(i) and 4.2(iii)
toW∗ξ ( f )(z), we immediately get the following.
Corollary 4.4. If f ∈ S3,1/πe1/4 , thenW∗ξ ( f )∈ S3, for all ξ ∈ (0,1], and if f ∈ SM (M > 1),
then W∗ξ ( f ) is univalent in {z ∈ C; |z| < 1/πMe1/4}, for all ξ ∈ (0,1].
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